We establish various properties of the definition of cohomology of topological groups given by Grothendieck, Artin and Verdier in SGA4, including a Hochschild-Serre spectral sequence and a continuity theorem for compact groups. We use these properties to compute the cohomology of the Weil group of a totally imaginary field, and of the Weil-étale topology of a number ring recently introduced by Lichtenbaum (both with integer coefficients).
Introduction
Cohomology of topological groups has been a popular subject with many writers. Soon after the introduction of cohomology of groups by Eilenberg and MacLane [EM47] , cohomology of profinite groups was defined by Tate (see the bibliographical notes in [Ser65] [Ch.I]) and cohomology of Lie groups by van Est [vE53] and Hochschild-Mostow [HM62] . In both cases the definition is made by simply using continuous instead of arbitrary cochains in the standard complex. A definition using measurable cochains is due to Moore [Moo64] and categorical definitions are due to Wigner [Wig73] , Segal [Seg70] , Artin, Grothendieck and Verdier [GAV72] and Lichtenbaum [Lic04] .
In the first part of this paper we work out the definition of Grothendieck et al. in SGA4 and show that it has a number of agreeable properties. In particular, there is a Hochschild-Serre spectral sequence under quite general assumptions and a continuity theorem for compact groups which generalizes a well known statement for profinite groups. The definitions of SGA4 and Lichtenbaum turn out to be equivalent and agree with the continuous cochain definition, as well as those of the other authors mentioned above, in many instances.
Our interest in topological group cohomology derives from Lichtenbaum's recent intriguing paper [Lic04] in which he defines a Weil-étale toposȲ W , for Y = Spec(O F ) the spectrum of the ring of integers in a number field F , and shows that the groups H i c (Y W , Z), i 3, are related to the Dedekind Zeta-function of F at s = 0. These computations are made by reduction to the topological group cohomology of the Weil group W F of F . For a complete relationship with the Zeta-function one would expect H i c (Y W , Z) to vanish for i 4 but, using the techniques developed in the first part of this paper, we show in the second part that H i (W F , Z) and as a consequence also H i c (Y W , Z) are in fact infinitely generated abelian groups for even i 4 (and totally imaginary F ). We also show that H i (W F , Z) = 0 for odd i, a result deduced in [Lic04] for i = 3 from Rajan's paper [Raj04] . This paper owes its existence entirely to the beautiful ideas of Lichtenbaum in [Lic04] and is part of an on-going project with Thomas Geisser exploring the Weil-étale topology both for schemes over finite field and in characteristic zero. What we do below is to a large extent only a reworking of [Lic04] using somewhat more machinery. Since the theory of Weil-étale cohomology is still in its infancy it might be useful to collect such machinery. We hope the properties of topological group cohomology we collect in sections 2 to 9 are also of some interest independent of Weil-étale cohomology.
The "gros topos" of topological spaces
We follow the foundational conventions of [GAV72] based on the axiom of the existence of universes in set theory. Following [GAV72] [IV.2.5] we let Top be the category of topological spaces (which are elements of a given universe U) and J open the open covering topology on the category Top. The pair (Top, J open ) is a V-site and the category T = Sh(Top, J open ) of sheaves of sets a V-topos where V is a universe so that U ∈ V. From now on we suppress any mention of universes and remark, as in loc. cit. that any concrete computations we do later can also be justified by replacing Top with the subcategory of spaces of appropriately bounded cardinality. Proof. This is [GAV72] [IV.4.10.3].
Let y : Top → T be the Yoneda embedding which is fully faithful (since J open is subcanonical) and commutes with arbitrary limits. We shall be interested in instances where y also commutes with certain colimits.
Recall that a diagram
is the graph of an equivalence relation for all U , and that this equivalence relation is called effective if the colimit X of (1) exists and
Lemma 3. Suppose that X 1 is an effective equivalence relation on X 0 and that X 0 → X is a covering morphism for a subcanonical topology J on a category C with finite limits. Then the Yoneda embedding
preserves the colimit of (1) (and y(X 1 ) is an effective equivalence relation on y(X 0 )).
Proof. This is [GD70] [IV, Lemme 4.6.5] applied to the family (M) of covering morphisms for the topology J.
Any homomorphism G 1 i − → G 2 of group objects in a category C (with finite limits) which is a monomorphism gives rise to an equivalence relation
on G 2 (where the arrows are given by projection and multiplication). The sequence
is called exact if (2) is an effective equivalence relation with colimit G 3 . If G 3 is also a group object and p a group homomorphism then the equivalence relation (2) is compatible with the group structure, in the sense that the multiplication map µ :
commuting with both arrows in (2). Equivalently, the conjugation action c :
An immediate computation with fibre products and the multiplication map then shows that the condition
is the kernel of p in the usual sense. If C is an abelian category (in which case all objects are canonically group objects) then the colimit of (2) and of G 1 → → G 2 (inclusion and zero map) agree, and we recover the usual notion of exactness. Proof. This is immediate from Lemma 3.
Lemma 5. Suppose X = ι∈I X ι is a coproduct in a category C with a subcanonical topology J so that a) The natural maps X ι → X are monomorphisms.
c) The family {X ι → X} is a covering for the topology J.
Then the Yoneda embedding
Proof. This is [GAV72] [II, Cor. 4.6.2]. The following result might not be optimal but is sufficient for our applications. We end this section by introducing further terminology which will be used in the rest of the paper. We call a geometric morphism f : E → E of topoi totally acyclic if R i f * A = 0 for i > 0 and all abelian group objects A of E. We call f acyclic if R i f * f * A = 0 for i > 0 and all abelian group objects A of E , and if in addition f is connected (i.e. the adjunction A → f * f * A is an isomorphism). Hence if f is totally acyclic and connected then f is also acyclic. "Acyclic" seems to be standard terminology whereas we have borrowed the terminology "totally acyclic" from [GAV72] [V, Problem 4.14].
We call f a homotopy equivalence if there is a geometric morphism g : E → E and natural transformations id E → g * f * and f * g * → id E . For example, the canonical morphism f : T → Set is a totally acyclic homotopy equivalence [MM92] [IV.10], [GAV72] [IV.4.10] since in that case f * = g * is both left and right exact.
Given a set S we define a generalized topology on S to be a sheaf F on Top for the open covering topology so that F({ * }) = S. If F is represented by a topological space X then
and so a topology on S in the usual sense gives a generalized topology. A generalized topology seems to be a rather weak structure but it is carried by the cohomology groups defined in the next section.
We follow the conventions and definitions of Bourbaki [Bou89] concerning set-theoretic topology. In particular, compact and locally compact topological spaces are assumed to be Hausdorff.
Definition of topological group cohomology
For any category C and group object G in C we denote by B C G the category of G-objects in C (objects X together with an action G × X → X).
The functor y : Top → T commutes with arbitrary limits. Any topological group G therefore gives rise to a group object yG of T and we define the classifying topos of G as BG := B T (yG), the category of objects F of T equipped with an action yG × F → F. By [GAV72] [IV, 2.4] the category BG is again a topos.
Given an abelian group object A of BG (i.e. a sheaf of abelian groups A on Top, together with group actions Hom Top (U, G) × A(U ) → A(U ) functorial in the topological space U ) we define as usual
where Γ(A) = A G := Hom BG ( * , A) is the global section functor. If A is a topological G-module we set
This is just a special case of the definition of cohomology in an arbitrary topos E which in turn is a special case of the formation of higher direct images with respect to a morphism of topoi E → E (namely the case of the unique morphism E → Set). We have a factorization of morphisms of topoi 
in the variables X of T and Y, Z of B T G. As remarked above, u is totally acyclic, i.e. u * is exact. Hence the Leray spectral sequence for the composite u • e degenerates and gives a generalized topology on the groups
Lemma 6. Let G be a topological group and
an exact sequence of topological G-modules so that p is a local section cover. Then there is a long exact cohomology sequence
Proof. By Lemma 4 the sequence
is exact in Ab(T ) and hence in Ab(BG).
Comparison to the definition of Lichtenbaum
If X is a G-space, i.e. an object of B Top G, then yX is an object of BG and the functor Proof. There is a commutative diagram of functors
where the horizontal arrows are the forgetful functors. Since T is a topos, the forgetful functor has a right adjoint Y → Y G (in fact the forgetful functor is the pullback for an essential morphism of topoi T → BG). Together with the fact that the forgetful functor is faithful this implies that a family {X ι → X} in BG is epimorphic if and only if it is epimorphic in T . Since the covering Given a category C with group object G the forgetful functor B C G → C has a left adjoint
Here G acts on G × X via the first factor. It follows that if {X ι } is a generating family for C then {G × X ι } is a generating family for
Corollary 2. The functor
is an equivalence of categories. In other words, the Lichtenbaum site
Proof. This is [GAV72] [IV, Corollary 1.2.1].
Corollary 3. Let G×Top be the full subcategory of B Top G consisting of spaces of the form G×X with G acting on the first factor. Then
Proof. The proof of Prop. 2 shows that {y(G × X), X ∈ ob(Top)} is a generating family of BG and that the topology induced by J can coincides with J ls . The result then follows again from [GAV72] [IV, Corollary 1.2.1].
Comparison to continuous cochains
This section just works out an exercise in [GAV72] [V, Exercice 3.6] and reproduces the results of Lichtenbaum in [Lic04] [ §2]. For any topos T and group object G of T denote by EG the object of B T G consisting of G with its natural left G-action.
Lemma 7. a) For any object X of T there is an equivalence of topoi
B T G/(EG × X ) → T /X sending Y → EG × X to Y × EG×X { * } × X and Z → X to EG × Z → EG × X . b) If X is
an object of B T G then EG × X with action on the first factor is isomorphic to EG × X with diagonal action.
Proof. Both parts follow from the axioms for group objects and G-objects in a category. The isomorphism in b) is given by (p 1 , µ) where p 1 : EG × X → EG (resp. µ : EG × X → X ) is the projection (resp. action map).
For T = Sh(Top, J open ) and a topological group G we write EG for E(yG). The map EG → * in BG is an epimorphism because it is the image of the local section cover G → { * } in Top under y. Hence the standard simplicial object of this epimorphism
since by Lemma 7 we have for n 0 
which agrees with the standard continuous cochain complex if A is representable by a topological G-module A.
Proof. Immediate from (7). Proof. (see also [GAV72] [V, Exer. 3.6, 3)]) The topological classifying space BG is the geometric realization of the simplicial topological space G • , and if the spaces G n are locally contractible then H q T (G n , yA) coincides with singular cohomology. The natural map from the spectral sequence (7) to the spectral sequence for the cohomology of a simplicial space [Seg70] [Prop. 5.1] is then an isomorphism on initial terms, hence an isomorphism on the end terms.
Functoriality in G
Any continuous homomorphism of topological groups f : G → G induces a homomorphism of group objects yf : yG 1 → yG 2 in T , and we denote by Bf : BG → BG the induced geometric morphism of topoi [GAV72] [IV.4.5.1].
Proposition 6.1. (Shapiro Lemma) If f : U → G is the inclusion of an open subgroup of finite index then Bf is totally acyclic.
Proof. Since U is an open subgroup we have G = s∈G/U U s both in the category Top and in the category B Top U . By Lemma 1 y : Top → T preserves this coproduct and since the forgetful functors in (6) create colimits we also have EG = yG = s∈G/U y(U s) in BU . For any abelian group object A of BU we have
and for any object Z of T
since coproducts in a topos are universal [GAV72] [II, Exemple 4.5.1] and for any s ∈ G/U there is an isomorphism y(U s) ∼ = y(U ) = EU . The equivalence of categories of Lemma 7 a) shows that
Since finite products are exact in the abelian category Ab(T ) we find that (Bf ) * is an exact functor.
Remark. Since infinite direct products are not exact in Ab(T ) it seems there is no Shapiro Lemma if U is open but G/U is infinite. Likewise, if one just assumes that U is a closed subgroup, the morphism Bf is in general not totally acyclic as the following Lemma shows.
Proof. We have (Bf ) * A = Hom G (G , A) and by (5) the value of this sheaf on a topological space U is given by
In particular, the value at U = { * }, i.e. the stalk at the point of T given by the one-point topological space, is A(G ) G . Restricting to sheaves A represented by discrete G-modules A we find
Since G is nontrivial there is a short exact sequence of discrete G-modules the sequence of invariants of which is not exact. Hence (Bf ) * of this sequence is also not exact.
The following discussion applies to group objects in an arbitrary topos T . Let
be an exact sequence of group objects in T (in the sense explained before (3)). The restriction functor (Bi) * : 
Proof. Taking X = * in Lemma 9 and using (5) we have an identity of functors in the arguments Corollary 6. Let
be an exact sequence of topological groups so that p is a local section cover and let A be a topological G-module. Then there is a Hochschild-Serre spectral sequence
where however the objects 
is an equivalence of topoi. In particular, for topological groups G and G we have
Proof. This is [Dia75] [Thm. 5.1] using the fact that B B T G (∆(G )) = B T (G ×G ) where ∆ : T → B T G sends an object to itself with trivial G-action (this is the pullback functor for the geometric morphism B T G → T ). In fact both categories coincide with the category of objects in T equipped with commuting actions of G and G . We also refer to [Dia75] for a general discussion of fibred products of topoi.
Unfortunately we were not able to deduce from this Proposition a general Kuenneth formula for topological group cohomology. Below we shall prove a Kuenneth formula for compact groups and Z-coefficients.
The small classifying topos of a topological group
For any topological group G there is another classifying topos B sm G considered in Moerdijk's book [Moe95] and also in [MM92] [III.9]. B sm G is the full subcategory of B Top G consisting of discrete sets X equipped with a continuous G-action. Hence we have a fully faithful functor 
If X is a discrete G-space an element of Hom BG (p * X, F) is an element ξ of
which commutes with the yG-action. This is the case if for all ψ ∈ Hom Set (X, G) and x ∈ X one has ψ(x)ξ(x) = ξ(ψ(x)x), i.e. if for all g ∈ G and x ∈ X one has gξ(x) = ξ(gx). This is equivalent
Finally, by definition, p is called connected if p * is fully faithful.
We shall see in section 9 that p is acyclic if G is totally disconnected, locally compact and paracompact. On the other hand, if G is connected then the action of G on any discrete set is trivial and p coincides with the canonical morphism BG → Set giving rise to group cohomology.
Compact groups and continuity
The following proposition generalizes a well known fact from the cohomology theory of profinite groups. If G α is an inverse system of topological groups, a direct system of objects of BG α is a family A α together with morphisms (Bg) 
is an isomorphism. Then
Proof. The Cartan-Leray spectral sequence (7) is contravariantly functorial in G and covariantly functorial in A. Since a direct limit over a filtered index category (in the category of abelian groups) is exact we obtain a map of spectral sequences
and it suffices to show that the map on the initial terms is an isomorphisms. Again using exactness of the direct limit we have
where the third equality follows from a standard continuity theorem in the sheaf cohomology of compact Hausdorff spaces [Bre97] [Thm 14.4], applied to the spaces G n , and the fourth equality is our assumption (9) on the direct system A α . 
Proof. 
in the derived category of abelian groups.
Proof. Each compact group is a filtered inverse limit of compact Lie groups [Wei51][ §25] so we may write
where the G i,α are compact Lie groups. We have
where the first (resp. second) equality follows from Corollary 7 (resp. Prop. 5.2) and the third follows from
for arbitrary compactly generated topological groups when the product on the right is taken in the category of compactly generated spaces. For a compact Lie group G the abelian groups H i (G, Z) = H i (B(G), Z) are finitely generated as can be seen from the spectral sequence (7) and the fact that the cohomology groups Z) of the compact manifolds G n are finitely generated. Hence there is a short exact Kuenneth sequence
M. Flach
Applying the filtered direct limit lim − →(α,β) to this sequence and using the fact that − ⊗ Z − and Tor Z 1 (−, −) commute with direct limits we obtain an exact sequence
which shows that (11) is a quasi-isomorphism.
Locally compact groups
In this section we discuss the groups H i (G, A) By [Bou89] [I §9.7, Prop. 13, Prop. 14] the category Top lc of locally compact spaces with countable basis satisfies the assumptions of Proposition 9.1. We denote T (resp. B G, resp. e G ) by T lc (resp. B lc G, resp. e lc G ) in this case. The following Proposition highlights one advantage of working with T lc in that the generalized topology on the groups H i (G, A) can sometimes be shown to be an actual topology. H i (B lc G, A) .
y (G)). Then there is a commutative diagram of geometric morphisms
BG e G − −−− → T v     B G e G
− −−− → T . where the vertical arrows are totally acyclic homotopy equivalences. In particular for any abelian group object A of BG we have
H i (G, A) = H i (B G, v * A).
Proposition 9.2. If G is locally compact with countable basis then
H i (G, A) ∼ = H i (B lc G, v * A).
Moreover, if A is represented by a discrete G-module A, then the generalized topology on H i (B lc G, A) is the discrete topology, i.e. the object R i e lc G, * A of T lc is representable by the discrete group
Proof. The first statement is Prop. 9.1. For any object F of T lc and locally compact topological space q : X → { * } we have a morphism q * F({ * }) → F X of sheaves (functors on open subsets) on X and F is represented by the discrete group F({ * }) if and only this morphism is an isomorphism for all X. This in turn can be checked on stalks. For any abelian group object A of B lc G the sheaf For any topological space U , the projection G × U → U is a local section cover, hence gives rise to an epimorphism EG × U → U in B lc G which in turn gives rise to the simplicial object
and the corresponding Cartan-Leray spectral sequence
The argument here is identical to the proof of the spectral sequence in (7), using Lemma 7 for X = yU instead of X = y{ * }. Since the colimit in (13) is filtered, hence exact, we obtain a spectral sequence
functorial in the pair (X, x). Indeed, given a continuous map f : (X, x) → (Y, y) of pointed spaces, and induced map f : (U, x) → (V, y) of open neighborhoods we obtain a map of spectral sequences
G U, A) and taking the limit (first over neighborhoods of x, then over neighborhoods of y) a map of spectral sequences
Taking f to be q : (X, x) → ({ * }, * ) we obtain a map of spectral sequences
since all neighborhoods * ∈ V reduce to { * }. We now assume that A = yA is represented by a discrete G-module A. By [Bre97] [Thm. 10.6] (with Φ the family of all closed sets which is paracompactifying) the natural restriction map
is an isomorphism, since for any n the restriction of A EG n ×X , the constant sheaf represented by A, to the closed subspace EG n × {x} of EG n × X is again the constant sheaf represented by A, i.e. coincides with A EG n ×{x} . Since the restriction map splits the map q * , the map of spectral sequences (14) is an isomorphism on initial terms and therefore an isomorphism on end terms. We conclude that the morphism of sheaves
Remark. The category of locally compact spaces also satisfies Prop. 9.1 and the first statement of Prop. 9.2 has an analogue for any locally compact group G. However, to compute stalks as in the proof of Prop. 9.2 we have to assure that all spaces are paracompact. For a locally compact space as well as all its open subspaces this is assured by assuming a countable basis.
Discrete Groups
If G is discrete then we may take Top = Set, the category of discrete topological spaces, in Prop. 9.1 and B G = B Set G is then simply the category of G-sets. Prop. 9.1 implies discrete then H i (G, A) agrees with the usual  group cohomology of the G-module A({ * }). In particular, if G = Z then H i (G, A) is concentrated in degrees 0 and 1.
Totally disconnected Groups
This includes profinite groups and groups of rational points of algebraic groups over local fields. If G is profinite and A a discrete continuous G-module then H i (G, A) is usually defined as right derived functor of the invariant functor A → A G , i.e. as cohomology in the topos B sm G. If A is just a continuous G-module then H i (G, A) is usually defined via continuous cochains and it is shown that both definitions agree for discrete A. The following Proposition shows that both definitions also agree with H i (G, A) as defined in this paper. A) is computed by the complex in Prop. 5.1 for any abelian group object A of BG.
Proof. All the spaces G n are again totally disconnected, locally compact and paracompact. Since such a space has vanishing sheaf cohomology in positive degrees (any open cover has a refinement by a disjoint cover) Prop. 5.1 applies and gives the last statement.
Recall from [MM92] [III.9, Thm. 1] that B sm G = Sh(S(G), J atomic ) where S(G) is the full subcategory of objects of B sm G of the form G/U with U an open subgroup. The sheaf R i p * p * A is the sheaf associated to the presheaf
The last identity follows since G → G/U has a continuous section, hence by Lemma 4 the effective equivalence relation given by U on G is mapped by y to an effective equivalence relation in T with quotient y(G/U ). Then by Lemma 9 we have an equivalence of topoi BG/(y(G/U )) → BU . Now since U is again totally disconnected H i (U, p * A) is computed by continuous cochains. Since A is discrete, each such cochain φ is constant on a smaller open subgroup U ⊆ U and hence the image of φ vanishes in
We note that p is in general not totally acyclic. For example, if G = Z p and A = Z p with trivial G-action and its profinite topology, then R i p * (yA) = 0 for i = 0, 1 and p * (yA) = Z δ p (discrete topology), R 1 p * (yA) = Q δ p . The Leray spectral sequence for p degenerates to an isomorphism
Vector space coefficients
We denote byR := y(R) the ring object of T represented by R with its standard topology. 
Proof. This is [BW00] [IX, Prop. 1.12]. Proof. If A is discrete then Prop. 5.1 shows that H i (R, A) is the cohomology of the continuous cochain complex because the space R n has no higher cohomology with constant coefficients A. On the other hand, any continuous map from R n to A is constant since R n is connected, so the continuous cochain complex is the complex associated to the constant simplicial object A, hence acyclic in degrees i > 0. ) at places v ∈ S (resp. v / ∈ S). We allow S to be infinite; if S is the set S(F ) of all places then C F := C F,S(F ) = A × F /F × is the idele class group. The Weil group W F of F (or a Weil group of F ) is a topological group defined as the projective limit
over either all finite Galois extensions K/F and S = S(K), or all finite Galois extensions K/F and finite sets S of places of K containing the archimedean ones and the places ramified in K/F (the equivalence of the two definitions is [Lic04] [Lemma 3.1]). Here W K/F,S is the group extension inverse systems
where C 1 K,S is a compact Hausdorff group. Since the inclusion C 1 K,S → C K,S induces an isomorphism on H 2 (Gal(K/F ), −) the canonical class also leads to compact Hausdorff groups W 1 F/K,S and W 1 F . There are direct product decompositions 
Proof. If A is discrete then 
is an abelian group of infinite rank, in particular nonzero, for even i 4.
Proof. The idea to compute H i (W F , Z) is to use the Hochschild-Serre spectral sequence for the group extension 
. Alternatively, we may use the Leray spectral sequence for the geometric morphism
An argument as in the proof of Prop. 9.4 shows that the sheaf R i p * Z is the sheaf associated to the presheaf
where K runs through finite extensions of F (the objects of the category S(G F ) in the proof of Prop. 9.4) and
where the first isomorphism follows from Prop. 8.1 and W
Again using Prop. 8.1 as well as (16) we find
For any number field F and Galois extension K/F with group G we have an isomorphism of G-spaces
where S ∞,C (K/F ) is the set of archimedean places of F which become complex in K and
Here r(K) (resp. s(K)) is the number of real (resp. complex) places of K and
M. Flach Lemma 11. We have
Proof. By Corollary 7 and Prop. 5.2 the cohomology of V is given by
with a generator h of degree 2 with n * h = nh where n * is the map induced by multiplication by n on S 1 . The first part of the Lemma then follows from the Kuenneth formula of Prop. 8.2. By Prop. 9.6, Corollary 4 and the long exact cohomology sequence induced by the short exact sequence of topological groups with trivial action
we have an isomorphism of functors
on the category of compact groups. Hence there is an isomorphism of G-modules 
and a decomposition of G-modules
where
is the permutation module on the set of monomials of degree p on the variables h 1 , ..., h g indexed by G. Note here that
From Lemma 11 we deduce
and
for j 1, as G is finite and H q (V(K), Z) a Q-vector space for q > 0. Moreover
The E 2 -term of the Leray spectral sequence for the morphism p :
or equivalently of the Hochschild-Serre spectral sequence (17), therefore looks like 
In the formula (22) for p = i/2 consider the G-submodule
The proof of Theorem 10.1 shows that the map α is surjective, and the map β is surjective by the Kuenneth formula and the fact that W 1 v → C 0 F is the inclusion of the factor corresponding to v in (18) for K = F . Hence ρ is surjective and therefore H i+1 (Ȳ W , Z) = 0 for even i 4. The long exact sequence 
